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Abstract

The focus of the present paper is on the intragenerational effects
of nonlinear income taxation in a multiperiod framework. We inves-
tigate whether it is possible to achieve redistribution at smaller effi-
ciency costs by enlarging the message space adopted in standard tax
system (which only includes reported income) to consider also the age
of taxpayers. Since it would be awkward to analyze an age related tax
without taking into account the time-dimension, we use an intertem-
poral extension of the Stiglitz-Stern (1982, 1982) discrete adaptation
of the Mirrlees (1971) optimal income taxation model. In the simplest
version of the model we neglect the possibility of savings. This case
can be interpreted as a situation with extreme liquidity constraints. It
is shown that switching to an age related tax system opens the way
for a Pareto improving tax reform entailing a cut in marginal tax rates
for young agents. In a second version of the model we retain the possi-
bility of savings and, assuming that the policy maker can tax interest
incomes on a linear scale, we also analyze the optimal values of the in-
terest income tax rate for the age dependent and the age independent
tax systems.
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1 Introduction

Many countries have ambitious redistributional goals implying high marginal
income tax rates and inefficiencies. There is therefore a continuous ongoing
search for taxes that can achieve redistribution with smaller efficiency losses.
Akerlof (1978) pointed out that if the tax system can be differentiated be-
tween individuals according to some characteristic correlated with ability,
then there is a potential for reducing the conflict between redistribution and
efficiency.! Since in most countries average income varies systematically
with age, in this paper we will investigate if it is possible to achieve redis-
tribution at smaller efficiency costs by relating the tax payments to the age
of persons.?

The design of the tax system will depend on the objective of the social
planner. There is a strong case for age dependent taxes if the social planner is
concerned with annual utilities. If skill level and age covary perfectly, an age
tax could in this case achieve the first best. However, if the social planner
is concerned with lifetime utilities, then, if age and skill covary perfectly,
individuals have identical income paths and no redistribution is needed. If
there is no covariation, there will be no gains either. In the intermediate
case, with some covariation, there might be a role for an age related tax. In
this paper we will be concerned with this latter case.

When designing a model to analyze the potential benefits of an age de-
pendent income tax there are several important modelling choices. Perhaps
the most fundamental is whether to use an atemporal or an intertempo-
ral model. In our view it would be awkward to analyze an age dependent
tax without taking into account that age has a time-dimension. Individuals
use intertemporal reallocations of consumption possibilities and, as we will
see, this savings behavior has important implications for how the tax sys-
tem should be designed. We therefore adopt an intertemporal model where
individuals can save.

As a vehicle for our analysis we will use an extension of the Stiglitz-Stern
(1982, 1982) simplified “two-types” version of the Mirrlees (1971) optimal
income taxation model. We construct an overlapping generations model with
individuals living for two periods and facing a consumption-leisure choice in

'The argument is straightforward: we know that, equity and feasibility aside, the
best tax is a lump-sum tax; therefore, if the government is engaged in redistribution
but cannot observe ability directly, efficiency is maximized by taxing objects which the
individual cannot affect (or activities that go on the same regardless of the tax) and which
are correlated with the skill level.

>This in turn raises the question of horizontal equity; Picard (2001) provides a recent
example where it is claimed that in the income taxation literature the choice of the control
variables is restricted by horizontal equity and that the design of income tax based on age
is considered not ethical. On the other way, the relevance of the concept of horizontal
equity for normative purposes has recently been questioned in a series of articles by Kaplow
(1989, 1995, 2000) and Kaplow and Shavell (2000, 2001).



each period. All individuals are low skilled in the first period of life. In
the second period the proportion 7 stays low skilled and the proportion
7" becomes high skilled. This means that individuals have different income
paths and we would like to redistribute from the [h to the Il individuals.
Ideally in this situation we would like to tax some index of lifetime income.
However, real-life tax systems exclusively use annual income as tax base.
We therefore impose the restriction in our analysis that annual income is
the tax base. Hence, the social planner is concerned with lifetime utilities
but can only use taxes imposed on annual income.

We will consider the design of the tax system under various observational
assumptions. The first tax system that we consider is such that the social
planner knows the joint age-skill distribution but is restricted to offer the
same (labor income, disposable income)-bundle to all agents of a given skill
level, irrespective of their age. Two income points are designed; one intended
for the low skilled and another intended for the high skilled. The second tax
system is designed under the assumption that the social planner, knowing
the mechanism that some low skilled persons become high skilled in the
second period, attempts to design three income points: one for young low
skilled persons, another for old low skilled persons and a third for (old) high
skilled persons. However, it is assumed that the planner cannot observe the
age of individuals. Depending on the assumptions we make with regard to
the individual preferences, the tax system will in one case collapse to a two
points system, while in another case three points will be used. Finally, in
the third tax system the assumption of non-observability of age is removed
and the planner designs three income points.

There are many studies using an OLG model with a homogeneous pop-
ulation and no intragenerational redistribution. These models often focus
on growth related issues. In this paper we focus on the intragenerational
redistributive effects of income taxation in a multiperiod framework. This
complicates the model. To keep the analysis manageable we simplify and
completely abstract from all growth related issues. To illustrate the basic
workings of our model, in its simplest version we also abstract from savings.
Since in our model a likely case is that where individuals would like to bor-
row in the first period of life, the no savings case can also be interpreted as
a situation with extreme liquidity constraints.

There are also some studies using an OLG model with heterogeneous
skill levels (Brett (1998), Pirttild and Tuomala (1998)). These articles differ
from our paper as they focus on the division of life into a working period and
a retirement period. In our model we focus on the fact that individuals have
different income paths and that inequality widens with the age of cohorts.

The possibility of lump-sum taxation with some redistributive power
has earlier been discussed by, for example, Hahn (1973), Akerlof (1978) and
Viard (2001). In his concluding remarks Hahn (1973) argues that lump
sum taxes are available. However, the examples he gives of lump sum taxes



used in the past seem of little relevance for taxation today. Akerlof (1978)
discusses how the tax-transfer system can be made more efficient if a “needy
group” can be identified, tagged, and given a tax-transfer system of its
own. This idea is also pursued in Immonen et al. (1998). Kremer (2002)
investigates the conditions under which an age dependent income tax might
be beneficial. However, he considers the case where annual, and not lifetime,
utilities enter the social welfare function. Kremer presents empirical data
that support the idea that an age dependent income tax would be of value.
The idea of making the income tax age dependent has also been suggested
in a recent article in Fortune by Mankiw (1998).

The paper is organized as follows. In Section 2 we present the model in
its general form. Section 3 deals with the simplified case where there are
no opportunities to save. We show how observability of age allows a Pareto
improvement upon an optimal income tax system that does not condition
the tax on age. In Section 4 we assume access to the international capital
market, so that savings are possible and the problem of interest income
taxation is investigated. Section 5 provides some additional comments and
Section 6 concludes the paper.

2 The Model

The economy is described by an OLG model where there is no population
growth, each cohort consists of a large number of individuals and its size is
normalized to one. All agents are low skilled (earning a unitary wage wy)
when “young” (in the first period of life) and each agent faces an exogenous
probability 7" to become high skilled (earning a unitary wage wy) in the
second period of his/her life; therefore, by the assumption of a large number
of households, the proportions of low- and high skilled individuals among
“old” people are given by 7!t =1 — 7! and 7" respectively.

All agents are ex ante identical and derive utility from consumption when
young (c,) and consumption when old (c,). Moreover, they get disutility
from labor supplied when young (L) and when old (L,). Lifetime utility
is represented by the additive separable quasi-concave utility function U =
u(cy, Ly) + 1—}rpu (¢o, Lo), which is assumed to be identical across households
and where p is a rate of time preference.? At the rate of interest r prevailing
in the credit market, agents are free to save (borrow) in the first period of
their life in order to finance future (present) consumption. Labor income
(I = wlL) is assumed to be taxed on a nonlinear scale through a general
income tax function 7' (I) and interest incomes (rs) on a linear scale through
a residence-based taxation at a proportional rate ¢ (with full offsets for net
interest paid). Production is linear and uses labor as the only factor.*

3Notice that preferences are constrained to be age-independent.
4Since interest income taxation can be interpreted as a special case of commodity



The government’s problem is to maximize the ez post utility of those
who remain low skilled subject to the constraint of a minimum level of
utility to those who become high skilled, a set of incentive-compatibility
constraints, a balanced budget constraint and the resource constraint of
the economy.” Notice that this implies that the objective function of the
government does not coincide with what young people actually maximize
(i.e. ex ante expected utility).® This would not have been the case if we had
assumed the view that the policy maker was concerned with maximizing ex
ante expected utility (as for instance done by Cremer and Gahvari (1995))
or if we had assumed that people perfectly knew in the first period of their
life what would have been their skill level in the second period.

Looking at the consumer’s behavior and denoting by B = I — T (I) the
after tax labor income, we have that the level of consumption in the second
period of life will be ¢/ = s (1 4 7 (1 — t)) + B for those who turn out to be
high skilled when old, and ¢! = s (1 4+ 7 (1 — t)) + BY for those who turn out
to remain low skilled. In the first period of life the conditional demand for
savings of an expected utility maximizing agent can be written with obvious
notation as s = By — ¢y, = s (7', p,r (1 = t), By, B}, B! I, Il ).

The households’ problem is

7 P (+r(Q =) [y =T () — )] + 1) T<I”) Lo
max — r(l— - — — —
cﬁyu Cy> Wy 1+p“ y y) — Sy 0 o),

PR Q+r(1—t)][I —T(I)—c]+Ilh—T(Ilh> L'
1+p Y Yy Y o o 7wh .

The first order conditions are the following;:
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Combining (1) and (2), we have that the marginal income tax rate faced
by young people is implicitly given by

taxation, proportional interest income taxation can be justified by referring to the attempt
to limit the scope for arbitrage opportunities among agents (see Hammond (1987) for the
general theory of the desirability of linear pricing when commodities are exchangeable on
side markets, and Lindencrona (1993) for an application to the topic of taxation of capital
income).

’The pre-set level of utility for agents of type lh will be hereafter selected in such a way
that redistribution goes from the high- to the low-wage households, what in literature is
referred to as the “normal” case.

This circumstance explains also why at some points the standard way of addressing
the optimal taxation problem is not applicable and the analysis becomes more complex.
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Since savings are given for old individuals, the marginal income tax rates
faced by old low skilled and old high skilled agents are implicitly given by
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It will be convenient to look by now in more details at the optimal level of
savings chosen by young agents. Having denoted by ¢ the net rate of return
on savings (¢ =7 (1 —t)), the second order condition that must be satisfied
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for an optimal level of consumption is D = Be,de;
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Implicit differentiation of (1) gives the following comparative statics re-
sults which we will use in the next sections:
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The first three inequalities follow from the assumption that c, is a nor-
mal good. As regards the sign of (9), (10), (11) and (12), we have that



% > ()0, % < (>)0, % < (>)0 if consumption and leisure are Edge-
worth substitutes (complements) in u. Finally, notice that the sign of (12)
will be unambiguously negative for a borrower, since for such an individual
income and substitution effects push in the same direction, while it becomes
ambiguous for a lender, depending on the relative magnitudes of the substi-

tution effect (negative) and the income effect (positive).

3 The Model without Savings

In this Section we start the analysis with a simple framework where indi-
viduals cannot save. This proves to be a useful starting point since the
possibility to neglect the problem of savings and the related problem of the
optimal interest income tax simplify matters remarkably and allows us to get
sharp results. We also assume the productive technology is linear and uses
effective labor as the only productive factor. Thus, the production function
can be described as:

Q=uw <Ly + 7r”LfJ> + whwthZ.

3.1 Case 1: The Government Does not Try to Set up a Three
Points System

The first case we explore is when the government knows the joint distribution
of skill and age but it doesn’t try to set up a three income points system,
i.e. it offers the same (labor income, disposable income)-bundle to young
agents and old low skilled ones.

Denoting by V indirect utilities and by a “hat” a variable when referred
to a mimicker, the government’s problem is the following:

max V! (Bl,ll) + %pvl (Bl,fl)

BB
subject to

v (Bl, 1’) v (Bh, Ih> >V, \)

vi (B 1) = Vi (BT (1)

(1+7") (1= B) + 2" (1" - B") > 0, )



where V is a pre-set utility level and Lagrange multipliers are within
parentheses.”
The first order conditions are the following:

B <ﬁp+A)v,§:N@+e(1+w”) (13)
B . <% + u) Vi = gnth (14)
I <i"+A>VIWﬁ 9( +7r”) (15)
. <%p + u) Vi = —onlh (16)

Dividing (16) by (14) and using condition (5), we get the usual result of
“no distortion at the top”:

oT (I™)
orn
which here means that the labor /leisure choice of those who turn out to
be high skilled in the second period of their life should not be distorted at
the margin.

On the other hand, dividing (15) by (13), we have that young people and
those who remain low skilled in the second period of their life face a positive
(due to the standard assumption of single-crossing) marginal income tax
rate given by

=0, (17)
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where the term inside brackets represents the difference between the
marginal valuation of leisure in terms of consumption for a low skilled agent
and a mimicker. Denoting by M RS;p = —“—% the marginal rate of sub-
stitution between labor and consumption, we can also write condition (18)
as:

or ('Y vk
ort (1 +xll

) (MRSQB - 1\47}?517]3) .

"Notice that the fact that the government knows the joint distribution of skill and age
affects the way the set of participation constraints is shaped by determining the cardinality
of this set.



3.2 Case 2: Age is not Observable but the Government Tries
to Set up a Three Points System

The second case we consider is the one where, even if age is not directly
observable, the government tries to use the information on how skills are
distributed across age groups to set up a three income points system, i.e.
it tries to offer three different points in the (I,B)-space. In this case the
government’s problem would be as follows:

1
max V(B 1)+ ——V' (Bl 1})
By:BtlﬂBngyJé;Ig ( Y y) 1 + p 0770

subject to
V(B 1)+ V! (Bh 1) =7, )
vi(Bh b)) 2 Vi (B 1) ()
VI (BYIE) 2 VR (B, 1), (n)
VI (By.1,) = VI (BL 1), (@)
V(B 1) = VI(By. 1), ()
(1, = By)+" (1, BY) +x" (12~ BL) > 0. ()

Together, constraints (¢) and () imply that the utility that agents get
in the first period of life must be equal to the utility obtained in the second
period of life by those who remain low skilled. Notice that this alone is not
sufficient to conclude that the level of consumption and labor supply of a
young agent is the same as the one of an old low skilled person. Moreover,
different consumption-leisure bundles that are equally preferred by a low
skilled agent will be in general not indifferent when evaluated by a high
skilled agent acting as a mimicker. However, it can be easily proved that an
optimum is only compatible with both the constraints (u) and (1) binding at
the same time, which in turn means that not only the consumption-leisure
bundles for a young household and for an old low skilled one should lie on



the same indifference curve of a low skilled agent, but that those bundles
should also lie on the same indifference curve of a high skilled agent: by
single-crossing this can happen only if the two bundles are actually the
same bundle. Otherwise, a tax reform can be implemented that leaves each
agent at the same utility level and that at the same time generates additional
revenue to the government (see fig. 2-5 in Appendix).

This means that the policy maker is actually offering only two points in
the (I,B)-space and therefore we are back to case 1. Notice also that such a
result is due to the fact that, having assumed age-independent preferences
and ruling out the possibility of savings, at any given point in the (I,B)-
space the indifference curve for a young agent has the same slope as the one
for an old low skilled agent. In a more general context this property would
not hold and a policy maker would actually do better by trying to set up a
three income points system even if age were not observable.

3.3 Case 3: Age is Observable and the Government Tries to
Set up a Three Points System

Before presenting the analysis of the optimal income tax system, we show
how the observability of age allows to Pareto improve upon the optimal tax
system where age is not observable. Fig. 1 gives an example of a Pareto-
improving tax reform that could be implemented by conditioning the income
tax schedule to the age of individuals.
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Figure 1: A Pareto improving tax reform



The reform can be illustrated as follows. The two income points system
consists of points A and B. High skilled people are located at point A and
young and old low skilled are bunched at point B. The indifference curve
going through point A indicates the utility obtained for a high skilled person
in second period of life. The indifference curve going through points B and
C indicates the utility obtained by a low skilled person in first period of
life. However, since the utility function for the second period is just the first
period utility function multiplied by a positive number, it also represents
the indifference curve indicating the utility level obtained for a low skilled
person in second period of life (thus, there are two separate utility levels
represented by the same indifference curve). Given that the tax can be
conditioned on age a strict Pareto improvement can be obtained in the
following way. Offer the young low skilled the point C, where they have the
same utility as at B. However, at point C their leisure-consumption choice is
undistorted. This implies that resources are released so that old low skilled
people can be located at point D, where they obtain a higher utility than
in the two income points system. In terms of lifetime utilities the expected
lifetime utility of individuals has gone up. The actual lifetime utility of
people being low skilled in both periods has increased whereas the lifetime
utility of those who are high skilled in the second period is unchanged. The
changes in consumption and work are as follows. The old high skilled would
perform as before. The young low skilled would work more, have higher
labor income and consume more. The old low skilled would work less and
also have less consumption.

We next consider the optimal tax. When the policy maker can observe
age and uses the information on the correlation between skill and age in
order to optimally shape the income tax schedule, the government’s problem
becomes

1
max V(B 1)+ ——V' (Bl 1})
By:BtlﬂBngyJé;Ig ( Y y) 1 + p 0770

subject to
V(B L)+ V! (BT 2 7 0
Vi (Bl ) = Vi (BLIL), (1)
(1, = By)+" (18— BY) +x" (12 - BL) 2 0, ()
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where in writing the self-selection constraints we have used the property
that mimicking cannot occur between agents at different points in their
lifetime.

The first order conditions are the following:

B, : 1+2VE =0 (19)
B rpvo(’) = uVh + or (20)
A h
B! - S o) — grlh 21
: (15 ) v = 0r (21)
L : 1+ =—0 (22)
I(l) : rpV]o(l) — N‘Gh _ 971‘” (23)
A
o o(h) _ _p_lh
Iy <1+p+u>V o (24)

Again, dividing (24) by (21) and using condition (5), we have that the
labor /leisure choice of old high skilled households is not distorted at the
margin:

oT (I")

ork
In this case, however, also the income/tax point intended for the young
agents is not mimicked by anyone else. This implies that also the la-

bor/leisure choice of young households will not be distorted at the margin;
dividing (22) by (19) and using (3), we find:

=0.

oT (1y)
oI,
Finally, dividing (23) by (20) and using (4), we get the result that the
old low skilled agents face a non-zero marginal income tax rate:

=0.

or (1) _ pvh (Vi VPO _ vk o) _ 15T
T (/ﬁ | =Gt £ (MRS} - MRS 5) > 0.
° B

3.4 Comments

Using the information on the correlation between skill and age is Pareto im-
proving only if age is directly observable. In the model without savings and
with age not directly observable, the information on the joint distribution of
skill and age would have been Pareto improving if we had assumed an age-
dependent utility function (assuming for instance that old people appreciate
leisure relatively more than young people).

11



4 The Model with Access to the International Cap-
ital Market

The productive technology is represented by the same function as before but,
since we allow for both borrowing and lending in the international capital
market, the resource constraint of the economy takes the form:

Q=wy <Ly + 7r“Lé> +wpm "L+ (14 7) K,

where 7 denotes the marginal productivity of capital K (gross rate of
return on savings).®?

Combining the households’ budget constraints

cy = By—s
¢ = Bl4+s(l+4r)—trs
= Bhys(Q+r)—trs

and the resource constraint

I+ 7" 47 Th 4 s (14 7) = ¢y + 7+ 7lhch + s,

we get the government’s budget constraint:

(I, — By) + " (Ig - Bg) +lh (I}} - Bg) Frst = 0.

This implies that in the government’s problem we need to take into
account only one from the resource constraint and government budget con-
straint.

Before turning to the analysis of Pareto efficient tax policies when the
government aims at maximizing actual lifetime utilities, it turns out to be
useful to make an intermediate step and deal with the case when the gov-
ernment maximizes the expected utility of agents subject to a self-selection
and a budget constraint. On one hand, since all individuals are identical
er ante, this might appear as the natural concept of optimality one should
employ; on the other hand, as compared to the case when the government
looks at ex post lifetime utilities and engages in Pareto efficient taxation, we
will see that things become simpler and neater results are obtained.

8Time indexes are suppressed since we are focusing on steady-state solutions.

9The model could also be interpreted as one of a closed economy where, besides labor,
it is also used another productive factor, namely capital. However, in this case, given the
model we set up, savings couldn’t be negative.

12



4.1 The Expected Utility Case with a “Two Points” System

The government’s problem is the following:

,max u(Bl—s<[l,Ig,Bl,Bg,q,7rlh),Il>+
[7ID7B 7BO7q
Ul

1+p
Ih

+

w((1+a)s(@)+B.1) +

+ u((1+q)s(o)+Bg,JQ)

1+p

subject to

i

1+p

u(B’—s<.),ﬂ) +

th

u ((1 +q) s (e) —i—Bl,Il) +

+ u<(1+q)s(.)+Bf;,Ig>

I+p
> (B’ _ g (IZ,BZ,IZ,Bl,q, 7rlh> ,Il) n %u ((1 +q)s™ (o) + Bl,ﬂ) +
lh
150 (1+q)sm(0)+BLIY, (1)
w((t+a)s(@)+BLI) =@ ((1+a)s(e)+B.1'), ©)
(14+7") (1" = BY) " (15 = BY) +(r = ) s (o) = 0. (9)

Notice that in this problem, as compared to what happened in the case
without savings, the set of self-selection constraints is larger. In particular,
we have an additional self-selection constraint (the u-constraint) requiring
that the lifetime expected utility of a mimicker must be lower or equal
to the one of a non-mimicker. Faced with the redistributive policy of the
government and anticipating that he/she might be high skilled in the second
period, a young agent could in fact be tempted to misrepresent his/her
type in the second period and therefore to adjust his/her savings behavior
in the first period in order to maximize the gain achievable picking the
point intended for the low skilled agents. It is straightforward to show
that the p-constraint will be the only binding self-selection constraint at
an optimum and therefore that the £-constraint can be neglected. Assume
for this purpose that the p-constraint is satisfied. Then, since the level of
savings s™ has been chosen optimally by the potential mimicker, it follows

13



that no other level of savings (call it s*) can guarantee him/her a higher
expected lifetime utility, which means:

al

1+p

U<B’—sm(-),ﬂ)+ u((1+q)sm(.)+B’,ﬂ)+

+1+p ((1+q) " (o) + B, 1')
< Il> + 17ilpu ((1 +q) s* (o) —|—Bl’]l> 1
0 ((1+q) (.)+Bl,p).

Substituting for s* in the above inequality the value s chosen by a “fair”
young agent and using the p-constraint, we get

U

u(Bl—s<->,ﬂ)+1 u((1+q)s(e)+BLI) +

+p
_|_

1+p (<1+q> (o) + B, 11)

l

( >+11pu((1+q)8(0)+31,1l)+

+

0 ((1 +a)s(e)+ B 1');

simplifying terms gives the £-constraint.

Denoting by a double “hat” the variables referred to the potential mim-
icker who turns out to be low skilled in the second period (i.e. the old low
skilled agent who saved in the first period the amount s™), the f.o.c. are
the following:!?

8_+9 14 (_)80y __7r” 8uf)_ %+ 7l oul
(=) g | = 1+ p ol a1l " 1+ p ol

oI

LTI (R T TR (25)
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%_ 1+ ll_( _ ) 8Cy __ﬂ-_llaué_i_ 8_@+ ﬂ-” a_:u/: +
de, ToVTOTeB )| T "1 p0d M\ oe, T 1+ p0d

10Notice that in the f.o.c. for the “two points system”, since the government is con-
strained to choose B, = B, = B' as well as I, = I} = I', the analytical expressions for
Bcl
aBl

and 24 5+ would correspond to the sum of respectively (6) and (7), and (9) and (10).
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0 [Wlh —(r—q) g_;?] = —;ihp (1+ ) g?g; (27)

o+ - 0) ] 1ﬁ:<rwo%%7 (28)
(s Ta) =0 e o= 52+

n 5o Ih a5 u l Ih g,h
m [ ™ Ou ™ Ou ™ Ouy, " Ouy
) - . (29
s <1+pacf,+1+pacg> “8<1+p8c§,+1+p8c{; (29)

Hereafter, we will denote the marginal rates of substitution between
labor and consumption for the different agents populating our economy by

u u 0 Jul ul 0 oult Jult
MRS}, = —(5p)/(52); MRS} = —(57#)/ (528 ) MRS = ~(G76)/ (524

dey © o1,/ \adl, ke a1 )/ \ach
gy Oy, 1T GN g 0EN. ATh N\ 08
MRS}, = —(57*)/(5e2); MRS = —<§—ﬁ)/(§’—§); MRSy, = —(%)/(%)-

Notice that, besides three groups of “fair” agents (young, old low skilled
and old high skilled), we have young (low skilled) mimickers choosing in the
first period the level of savings s™ that maximizes the expected lifetime gain
from mimicking in the second period, old high skilled mimickers and finally
old low skilled mimickers which are those who chose strategically s™ in the
first period but turned out to be low skilled also in the second period.
Starting the analysis with the characterization of the efficient interest
income tax rate and denoting by a “tilde” compensated demands, we get:

Proposition 1 When the government maximizes expected utility in the two
income points system the optimal interest income tax rate is implicitly given
by the following condition:

= n a5 I o7
(r_q)f)cy _ H(ﬂ' 8u+ T 8u)(8_8m)+ (30)

% = o\i1p0d 1,0
c
ds 10uy, p [Ouy, Ouy
il Rl vl el (acy ac,
~ ——
D E F
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Proof. See Appendix. m

To interpret (30), notice that the left-hand side of the equation could also
have been written (remember that ¢ = r (1 —1t)) as t‘g—f , a quantity which
should look familiar since it closely parallels the index of discouragement
originally defined by Mirrlees (1976).

As regards the right-hand side of (30), term labelled C' is reminiscent
of the standard self-selection terms appearing in the formulas for optimal
linear commodity taxation when an optimal nonlinear income tax sched-
ule is in place (see e.g. Edwards, Keen and Tuomala, 1994). This kind of
rules prescribe that commodity taxation must be handled as an instrument
to weaken the binding self-selection constraints; moreover, the bigger the
screening power of commodity taxation the larger the scope for its use. The
same holds here for term C' since it depends on the difference between the
level of savings chosen by a “fair” agent and the one chosen by a mimicker.
We recover the standard prescription to tax relatively heavier those com-
modities especially appreciated by a mimicker: if the level of savings of a
mimicker exceeds the one of a “fair” agent, then tax (at a positive rate)
returns to savings; otherwise, subsidize them. In this case, since in order to
maximize his/her expected lifetime utility the mimicker will carry over in
the second period a higher amount of savings, the difference s — s™ will be
negative and term C' calls for a positive tax rate on the returns to savings.
According to eq. (30) this is however only part of the story since other
factors, which we are about to analyze, must be taken into account.

To get an intuition for terms labelled D, E and F', remember that in the
two income points system we are forced to offer the same bundle to young
people and old low skilled ones: this means that we cannot move freely B,.
The restriction imposed on By, (i.e. on the labor income tax schedule) affects
how the other tax instruments which can be levied (in our case the interest
income tax) are shaped. The term in (30) labelled D captures the total
effect on tax revenues that would have followed a marginal increase in B,
(starting from B, = B') if we actually could have done it (without being
forced to move at the same time Bf)) This total effect is made up by a
direct negative effect on labor income taxes collected (1) and by an indirect
effect on interest income taxes collected coming from the adjustment in the
level of savings (— (r — q) 88—3811 |B,—pt). Term labelled E captures the private
welfare gain (normalized by the marginal cost of public funds) potentially
achievable through the increase in B,,, whereas the last term (labelled F)
evaluates the same increase in terms of the welfare gain (if positive), or loss
(if negative), associated with the effect on the self-selection constraint.

Thus, we have that the second line of (30) will be positive if it is nega-
tive the net social welfare effect descending from the hypothetical marginal
increase of B, starting from B, = Bl

Neglecting for a moment term C, we would therefore have that the dis-
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tortion imposed on the demand for savings should be greater the greater the
net social welfare effect potentially achievable from a hypothetical marginal
increase of By starting from B, = B': moreover, we would like to discour-
age (encourage) savings if this net social welfare effect is positive (negative).
Notice that since savings are a “commodity” that in principle can both be
demanded and supplied by young agents, discouraging savings would require
t > 0 if savings were positive but ¢ < 0 if savings were negative. The reverse
holds for the case when we would like to encourage savings.

The appearance of terms labelled D, E and F in (30) can be viewed as
another instance of the general principle that, whenever there are restrictions
on the set of feasible taxes, those taxes which can be levied are adjusted to
serve as partial substitutes for the taxes which cannot be levied.

Turning to the marginal income tax rate faced by the old high skilled
agents is given, we get the following result:

Proposition 2 When the government maximizes expected utility in the two
income points system the marginal (labor) income tax rate Té(h) faced by old
high skilled agents is given by:

_r—q (dey dey o(h)
Toty = <d—jg MBS ) (31)
Proof. Dividing (27) by (28) and multiplying by ©** 4 (r — q) 88;% gives:
9 - 9
c B c
A - 5 =2 [k (g 2] (32)
Och

o

The result provided by (31) is obtained using the definition of marginal
income tax rate given by (5) to collect terms in (32). =

Looking at (27) and (28), we can observe that the result that T (h) 18
in general different from zero is a consequence of the fact that a marginal
change in I" and a marginal change in B! induce adjustment effects in
the level of savings by young agents which are of different scale and which
in turn imply for the government budget effects of different magnitude. If
g—f}f = —g—g%, then dividing (27) by (28) we would have got Té(h) =0.

’ Optimaci tax policy imposes a distortion in the labor-leisure choice of old
high skilled agents. Whether they undersupply (77 () > 0) or oversupply
(T’ () < 0) labor depends on the sign of the budget effect on interest income
tax receipts coming from the adjustment in the level of savings which follows
when old high skilled agents are induced to marginally increase their labor
supply. The total effect on savings is provided by the quantity inside brackets
(multiplied by —1) on the right-hand side of (31). It is given by the sum of

the direct effect coming from a marginal increase in labor supply (—%) and
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the indirect effect coming from the increase in disposable income which is
required to make old high skilled agents willing to marginally increase their

labor supply (—;gyh MRS‘;fch)).

According to condition (31), if the total effect on savings is positive
(dey < 0) and interest incomes are taxed at a positive rate (t = — >
0 = r — g > 0), then revenue collected by taxing the returns to savings
are increased and we should marginally subsidize old high skilled agents to
make them overprovide labor.

Denoting by ds |4,n—o the total effect on savings (—%MRS;SZL) — 3—2%)

we would therefore have:

Toypy < 0 if ds |gur—0> (<)0 and t>(<)0;
Tol(h) > 0 Zf ds ’du220> (<) 0 and t< (>) 0.

Let’s look now at the total amount of taxes paid by an old high skilled
agent and introduce the concept of marginal effective tax rate (hereafter
METR) as the change in his/her total tax payment that would occur if
he/she were to earn a little more. Denoting the total amount of taxes
paid by a high skilled agent in the second period by 7 (Ig) =T (Ig) +
(r—q)s (Il,I(’}, BLIM —T (IZ}) ,q, 7rlh) and differentiating w.r.t. I to get

the METR which we will denote by 7/, (h)> 1t is:

Os Os
! / !
Toy = Loy +(r—aq) [8_16’} + (1 - o(h)) B_B[;] = (33)
ul
0s a_jfz 0s
— 1—|—(T‘-q>a—lg—gu§ [(T—Q)a—Bg—l] (34)

Proposition 3 states the main result.

Proposition 3 When the government maximizes expected utility in the two
income points system the METR faced by old high skilled agents is

Ty =Tl (35)

Proof. The METR can also be written as

oul
oc oI oc
T =1—(r—q) —% + =2 [1+(r—q) y} (36)
o h uh h
oI g_c? oBh

The result is obtained substituting for 1 — (r — q) g—‘;% in (36) the corre-

sponding expression derived adding 1 — 7' on both sides of (32). m
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The marginal distortions imposed by labor income taxation and interest
income taxation push in opposite directions as it happened in the atemporal
model for the effects of income and commodity taxation.!! Here, however,
they don’t “average out” to zero. Instead the METR has the same sign as
the marginal labor income tax rate. In some sense, therefore, the distortion
imposed at the margin by the labor income tax is “too high”, or at least too
high to get the usual “no distortion at the top result”. Going back to eq. (31)
allows us to trace the source of such a discrepancy. The basic reason is that
changing the bundle offered to old high skilled agents does not only affect the
total amount of taxes paid by this sub-set of the population but, through the
savings function, it also affects the amount of interest income taxes collected
from the old low skilled individuals.'?> This is a direct consequence of the
fact that in our model savings decisions of young agents take place under
conditions of uncertainty about their future skill level and that all young
agents share the same uncertainty, so that savings will be homogeneous and
everybody pays the same amount of interest income taxes in the second
period. Observing that the smaller the relative size of the high skilled group
among old agents the greater the extent of this “external” effect, we can
then understand why in (35) the value of the distortion provided by the
METR is an increasing function of the proportion 7.

Finally, notice that there is actually a quantity that at the optimum
would be unaffected if the old high skilled agents were to earn a little more:
the total amount of taxes collected by the government. To show this, define
the quantity 74 = (1+7) T (I') + 7T (I}) + (r — q) s (¢) and observe
that differentiation w.r.t. I gives

thOt Ih 83 88
T = T+ =) 8_I£L+<1_ é(h)>8_B§} _

oul
oc EI Oc
lh o lh .
A - P LG TR

o
dch

the result is straightforward substituting for 7' — (r — q) % in (37) the

right-hand side of (32). ’

Let’s look now at the low skilled agents. In the two points system young
agents and old low skilled ones are bunched together at the same income
point. At this common point the labor income tax schedule is kinked, but it
is possible to show that there always exists an implementing tax structure
whose left (right)-hand derivative at I' is equal to 1 — MRS g for those
with the steepest (flattest) indifference curves among those who are bunched

"1See again Edwards, Keen and Tuomala (1994).
2Tf this didn’t happen, then in (31) 7" at the denominator would disappear and we
would recover the standard “end point” result.
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together. In the following Proposition we characterize the implementing tax
structure assuming that savings of young agents are negative. This is in
our model a quite reasonable assumption provided that the value of the
gross rate of return r does not exceed by a too large amount the value of p.

Afterwards, we will comment on how results change if the reverse assumption
holds.

Proposition 4 When the government mazimizes expected utility and sav-
wngs of young agents are negative, the optimal allocation in the two income
points system can be implemented through a labor income tax schedule whose
left-hand- and right-hand derivatives at the common point in the (I, B)-space
for young workers and old low skilled workers are respectively given by:

pr'h 24
/ 1 _ Co Yy Th
Toern (1) = 3 A+ (1+7) (MRS}, — MES1.) +
+ M”g_go MRS! — MRS +
0(1+7") (1+p) Le fe
—M% MRSY,— MRS}
7 (1 + i) ( Le™ I,c> +

oul
(L+pal o
O(1+7)1+p

(MRS - MRSY,) +

,C

r—gq |dey (. dey v |
T [dﬂ < apt ) M (38)
lh Ou
T =T —
/ l _ Jc, o(l)
Lrign (I> 01+ (1+p) (MRSLC MRSLC) *
Il 9%
M od MRS?D _ MRS +
0 (1+ 7)) (1+ p) Le ©
Oty
Fae, o) m
e (s amsr)
(1+p) 5
S T Oey y o(l)
(g (MRS, - MRS +
r—q fdey ([, dey o(l)
o [ i <1 o ) MRST, | (39)

Proof. See Appendix. m

We will come back later, in the analysis of the METRs, to the terms
appearing in (38) and (39). For the moment, just notice that if savings of
young agents had been positive, then we would have had that the left-hand
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derivative of the implementing tax structure at the bunching point was given
by (39) and the right-hand derivative by (38).

Now consider the METRs. Whereas adapting expression (33) provides
a natural way to define the METR, faced by old low skilled agents, it is not
obvious which definition to use when looking at young agents. Since interest
income taxes are paid when old, the change in the total tax payment of
young agents that would occur if they were to earn a little more depends on
the temporal horizon that we choose. If we focus on the first period, then
the change in the total tax payment is simply given by the marginal labor
income tax rate and we already got an expression for it. If instead we take
a lifetime perspective and include also the change in interest income taxes
paid in the second period (which is certain because it does not depend on the
individual’s skill level when old), then something similar to (33) should be
considered. In this case, however, changes in future tax payments should be
discounted by r. Using the implicit definition for the marginal labor income
tax rate provided by (3), the METR faced by young agents would then be:

du, 9

ooyt r—a|0s it Os

Y Ouy ~ 14 |OI' Ouw HB!
cy ey

q80y+%§* or—af, 8cy
1—1—7“8[’ [Tz 1+ OBl
Cy

Proposition 5 When the government maximizes expected utility in the two
income points system the METRs faced by young agents and old low skilled
agents are respectively given by

Ih
, [T s 1 Ou < v — >
= = MRS} .— MRS
Ty 01+711+p 8cl Le) *
i —
Woomw 1 o y —
= —_— M M
—i_ﬁl—iﬁr”l—i-p@cfJ < RS = RSI’C>+
J 1 8u/\y< Yy m)
S r—T M - M
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MRSY, (40)
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and
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Proof. See Appendix. m

Eq. (40) and (41) provide analytically complex expressions for the global
distortion faced by the two groups of low skilled agents. Moreover, their signs
remain a priori ambiguous as it appears looking at the sign of each term for
which it was possible to decide on it. Nevertheless, the structure of the for-
mulas can be easily interpreted. Remember that in the standard (timeless)
two types model of optimal taxation the METR faced by the low skilled
agents depends on the difference between the marginal rate of substitution
for a mimicker and for a mimicked.'® The same happens here with the first
three terms on the r.h.s. of (40) and (41). The difference is that, whilst
in the timeless version of the model the potential mimicker is unambigu-
ously identified, here there are more than one potential mimickers: besides
the old high skilled agents, one has also to consider those young choosing
strategically the level of savings (in order to fully exploit the possibility to
mimic in the second period) and those who are low skilled in the second
stage of life but chose strategically the level of savings in the first one. This
difference accounts for the fact that a mimicker and a mimicked are not nec-
essarily people sharing the same disposable income but enjoying different
amounts of leisure. Depending on which case we consider, we can alter-
natively have people with different disposable income and different leisure
(when the mimicker is a high skilled agent), or people with same leisure but
different amounts of disposable income (when the mimicker is a low skilled
agent, either young or old).

In eq. (40), the first term involves the difference between M RS? . and

MRS 1,c- The high skilled mimicker certainly has a lower labor supply but,

30nce again, see Edwards, Keen and Tuomala (1994).
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what about consumption? We know that a young agent will consume B! — s
whereas the high skilled mimicker will consume B! + s™ (1 4 ¢). We also
know that s™ > s and that under reasonable assumption, s < 0. This means
that, as long as s™ < —33— +q, the consumption of a high skilled mimicker will
be lower than the one of a young agent. If this is the case, then M RS% —
]\ZESLC > 0. However, if it is s™ > — then the sign of MRSy ]\ZESLC
becomes ambiguous.

The second term in (40) involves the difference between M RS’}’,c and

—_

MRS 1,c- Now the mimicker is an old low skilled and therefore mimicker and
mimicked will have the same labor supply. Once again, the consumption of
the mimicker is given by B'+s™ (1 + ¢) and we can conclude that M RSY —

J\ZESLC > (<) 0 when s™ < (>) — 7.

The third term in (40) is related to the difference between M RS}” . and
M RS?}C. The sign of this term is unambiguous since the agents considered
have the same labor supply and two different levels of consumption which
can be ranked unambiguously. The consumption of a young mimicker is in
fact B! — s™ which is always smaller than B! — s since s™ > s. For this
reason, it is M RSy — MRST,. > 0.

Turning to to_eq. (41), the sign of the first term depends on that of
M RS () — MRS 1,c- The agents that are compared are an old low skilled
and a hlgh skilled mimicker. The labor supply of the high skilled mimicker is
lower than the one of the old low skilled. As regards consumption, the high
skilled mimicker will consume B! 4 s™ (1 + ¢) while the old low skilled will
consume B' 4 s (1 + ¢). Therefore, being s™ > s, the consumption of the
high skilled mimicker will exceed the one of the old low skilled. A mimicker
will in this case enjoy both a higher level of consumption and a higher level
of leisure and the sign of M RSO(l) MRS I, Temains ambiguous.

1+q7

o(l)

The second term in (41) takes into account the difference between MRS,

and MRS Ic, i.e. between an old low skilled who chose s in the first pe-
riod and an old low skilled who chose s”. They have the same labor
supply but the\old low skilled who chose s consumes less, and therefore

MRS?YW — MRS, < 0.

,C

The third term in (41) looks at MRSY () as compared with MRS
Both are low skilled and have the same labor supply but the old low skilled
consumes B! + s (1 + ¢) while the young who chooses to save s™ consumes
B! — s™. Since the consumption of the latter will be higher as long as
s™ < —s(1+¢q), we can conclude that MRS?(CD — MRSY, < (>)0 when
s < (>)—s(1+49). 7

As usual, in shaping the tax instruments the policy maker tries to weaken
the self-selection constraint by making the mimicking option less appealing
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and in order to attain incentive-compatibility a distortion is imposed on
those towards whom redistribution is directed. However, since the decision
whether to become a mimicker or not is taken in the first period of life,
the expected lifetime pay off for a mimicker can alternatively be affected
by acting on his/her utility when young, on his/her utility as an old low
skilled, or finally on his/her utility as an old high skilled. Thus, the first
three terms on the r.h.s. of (40) and (41) provide a value for the distortion
which optimally balances these different mimicking-discouraging effects.
The fourth terms on the r.h.s. of (40) and (41) are something peculiar
to the “two points” system. They are a direct consequence of the fact that
under this regime people with different slopes of the indifference curves in
the (I,B)-space are offered the same bundle (I, B!). If at a given allocation
the slopes are different, then it will also be different the minimal compen-
sation required to marginally increase labor supply. To give an insight on
how this property can be usefully exploited by the policy maker, let’s take
for instance the expression for the METR faced by young agents. If, as we
previously assumed, savings of young agents are negative, then normality of
both leisure and consumption ensures that M RS% c— M RS‘I)fcl) is positive.

MRSY > M RS})(? means that the compensation required by a young agent
to mafginally increase labor supply exceeds the compensation required for
the same purpose by an old low skilled. If this is the case, when young agents
are induced to increase labor supply by moving them along their indiffer-
ence curve (i.e. increasing B! by M RSY ), the increase in disposable income
makes old low skilled agents better off (because they would have required

an increase by just MRS ()). This increase in utility for old low skilled
agents is both valuable because it increases the value of the maximand of
the government’s problem and because it relaxes the binding self-selection
constraint. The value of the difference M RSY .— M RS ( ) reflects the magni-
tude of this social gain related to the overprov131on of labor by young agents.
Other things being equal, the greater this value and the lower the METR
faced by young agents. A symmetric argument holds for the METR faced
by old low skilled agents. In this case, if M RS}’ > MRS I() then, other
things being equal, it would pay to increase the METR faced by this group of
people in order to make them underprovide labor. The reason is that, if we
make them marginally increase labor supply holding their utility constant,
the increase in disposable income is not sufficient to prevent young agents
to be worse off. This has a double negative effect, since it both decreases
the value of the maximand of the government’s problem and it tightens the
binding self-selection constraint.

The last terms appearing in (40) and (41) are instead related to (bud-
get) effects on interest tax receipts of the same kind of those, previously
described, determining the METR faced by old high skilled agents.
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4.2 The Expected Utility Case with a “Three Points” Sys-
tem

When age is observable and the policy maker can use the information on
the correlation between skill and age in order to optimally shape the income
tax schedule, the problem looks as follows:

Il 1h l h lh
max u(B —s([ 1,1}, B,,B,,B q7r>l>+
val(lﬂlgaBvalo’Bqu y y, o o’ y, o’ °’ ’ ’ y

7rll

o ((1 +q)s(e) +Bé,[é) +

lh

+
1+p

U <(1 +q)s(e)+ Bg,]f)
subject to

1
u(By —s(e),1Iy) +

u ((1 +q) s (o) +Bf),lf)> +

1+p
lh hoh
Eeetd CRUEORSRE
1
> u (By g <Iy, LB, Bg,q,wlh) ,Iy> Sl ((1 4 q)s™ (o) + BLIL
lh
-~ m I 7l
0 (0" @+ B L) (1)
w((U+g)s (o) + B 1) 2@ ((1+q)s (o) + Bl 1L) (8)
(I, — By)+7" (Ig - Bg) +lh (1]; - Bg) 4 (r—q)s(e) =0. )

By the same argument put forward in the previous case, we can avoid
taking into account the &-constraint since we know that at an optimum the
only binding self-selection constraint is the one associated with the Lagrange
multiplier pu.

In the three points system the first order conditions referred to the pre-
tax labor income and after-tax labor income for old high skilled and to the
net rate of return on savings formally do not change when compared to
those derived for the two points system, whereas the first order conditions
of the government’s problem with respect to the pre-tax labor income and
after-tax labor income for young agents are respectively given by:
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and those for old low skilled agents are:
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Proposition 6 When the government mazximizes expected utility in the three
income points system interest income taxation must satisfy the following
condition:

o¢, p( 7 ou A ou .
<T‘q>a—q—5<1+pa—cg+ma—cg (=57, U9

Proof. See Appendix. m

Comparing Proposition 6 with Proposition 1, we see that, once we re-
move the constraint requiring young and old low skilled agents to be stuck
at the same income point along the labor income tax schedule, the optimal
interest income tax rule exactly mirrors the commodity tax rule of the stan-
dard atemporal version of the two-types mixed taxation model. As long as
the savings behavior of a mimicker differs from the one of a “fair” agent
and starting from a situation where interest incomes are tax-free, a Pareto-
improving reform can be implemented taxing (heavier) the good relatively
more demanded by a mimicker, which in our case happens to be consumption
in the second period, i.e. savings. This implies ¢ = % > 0.

The difference between rules (46) and (30) highlights the fact that, even
if the analytical expressions for the marginal labor income tax rate and
METR faced by old high skilled agents formally do not change when we
switch to a three income points system (it is easy to show that (31) and
(35) are still valid), the actual values of those marginal tax rates are in
fact quite different. The magnitude of the global distortion imposed at the
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margin on old high skilled agents is bigger the greater the wedge between
r and ¢q. Thus, other things being equal, the fact whether old high skilled
are more distorted in the two- or in the three income points system depends
on whether the effects of terms C' and D — (E + F) reinforce each other or
push in opposite directions.

Let’s look now at the young agents and the old low skilled ones. Propo-
sitions 7 and 8 give the main results.

Proposition 7 When the government mazimizes expected utility in the three
income points system the marginal (labor) income tax rate Té and the marginal
effective tax rate Té faced by young agents are respectively given by:

r_H Iuy y m . % _ _ dey v | .
- 18 o) o[- 1 ) s
r r r o, M 1 3@ y m\ _

S T S dcy <MRS[’C MRSM) N
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Proof. See Appendix. m

In the three income points system with observability of age, young agents
cannot be mimicked by old agents. However, since the decision to become
eventually a mimicker in the second period of life is taken in the first pe-
riod and affects the savings behavior, a mimicker will be characterized by
a level of savings which deviates from the level intended by the govern-
ment for the young agents. In a certain sense we could also say that there
are actually mimickers also among young agents: those who choose s™ in-
stead of s. Not surprisingly, to weaken the binding self-selection constraint
the government should therefore try to make costlier to deviate from s.
Since MRSY , > M RS, this can be accomplished by imposing a posi-
tive distortion on young agents. This accounts for the presence of the term

4on (MRS}QC - MRS}?C> both in (47) and in (48).

The term (r —q) [% - (1 - ggz> MRS%C] in (47) can be explained

a1,
referring to the same argument provided in subsection 4.1 to interpret the
marginal income tax rate faced by high skilled agents. It is a budget term, re-
flecting the net effect on receipts from interest income taxation of a marginal
increase in labor supply by young agents.

The term 11 (1 — q) [g—% — <1 — ggi) MRS]y,C} in (48) is instead a con-

sequence of the fact that in the definition of T; we discounted by 7 the change
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in the amount of interest income taxes the young agents are going to pay
when old. It is easy to check that, if we didn’t discount it, we would have
got 7, = s 5 (MRS}, - MRSY,) > 0.

As regards the old low skilled, we have:
Proposition 8 When the government mazimizes expected utility in the three

income points system the marginal (labor) income tax rate T and the marginal
effective tax rate Tf,l faced by old low skilled agents are respectively given by:

! p_ 1 | oa o) _ i u o(l)
T = S e (MRS - MRS,.) + al MRS;Y — MRSy,
80 o(l) 8@
+1 W” [aﬁJrMRSIC aBﬂ; (49)
.
N, WY (MRS;Y — MRSL.) + 7 198 (\rps) RS
01+p ack Ie Le 8l Ie Ie
BT S e B - R o)
- b e (MRS - MRS,.) + 5 (MBI — MRSy,
" Oc o(t) 9y
+ - 0) g + dirsi o] (50)

Proof. See Appendix. m

To interpret the first term appearing both in (49) and (50), remember
that among the old agents there are two types of mimickers: those who
are high skilled but pick the point intended for the old low skilled and
those who are low skilled but chose in the first period s instead of s. The
government imposes a distortion on the old low skilled agents trying to lower
the expected pay-off in the second period for a mimicker and in this way to

relax the binding self-selection constraint. Since M RS ( ) _ MRS 1c <0, the
condition of old low skilled mimicker is worsened by 1mposing a subsidy at
the margin. On the other hand, the kind of distortion required to hurt a high
skilled mimicker depends on the sign of the difference M RS‘;(C” — MRS Ic- As
we previously noticed, this sign is ambiguous since in this case a mimicker
enjoys both a higher level of consumption and a higher level of leisure.
Eventually the required distortions could push in opposite directions and
then, to determine which one prevails, it becomes important the relative
magnitude of the weights 7/ and 7'*.

The term = —f [g?j + MRS})’(CZ) gg’é in (49) is a budget term, reflecting
the net effect on receipts from interest income taxation of a marginal increase
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in labor supply by old low skilled agents. It can be interpreted referring to
the same argument put forward in subsection 4.1 when we analyzed the
marginal income tax rate faced by high skilled agents. Other things being
equal, the value of T/ will be higher (lower) if an increase in I, accomplished
<o
the level of savings which decrease (increase) the amount of interest income
taxes collected.

A budget term is also the last in (50). A rationale for this term can be
provided observing that a change in the bundle offered to old low skilled
agents affects also, through the savings function, the amount of interest
income taxes paid by the old high skilled agents. It is only the extent of
this “external” effect that matters for the METR faced by old low skilled
agents. This “external” effect will be stronger the higher the proportion of
high skilled in the old population. That’s why, as 7" approaches zero, the
value of the last term in (50) will also approach zero. The argument is the
exact counterpart of the one exposed in the analysis of the METR faced by
old high skilled agents.

Let’s look now at how the problem changes and the results are affected
if the government aims at maximizing the actual lifetime utility of those
who remain low skilled during the entire life subject to a given value for the
lifetime utility of those who become high skilled, a self-selection constraint
and a budget constraint.

with a compensating increase in B! by M RS;) induces adjustments in

4.3 Case 1: The Actual Lifetime Utility Case with a “Two
Points” System

When in the design of the fiscal policy the government is constrained to
offer the same bundle in the (I, B)-space for both the young and the old low
skilled agents, its problem is the following:'*

l 1h l h lh l
[l[ffnéilXBh u<cy<I,IO,B,BO,q,7r ),I)—i—
o b G7q

(e @) 0+ o+ 80
subject to
u (cy (Izj(f)z’Bz,Bg,qmlh> Jl) 4
e ((B'=cy(@) 1+ +BLLIE) > 7, ()

Y4By the same argument used in the sections dealing with the expected utility case we
set up the problem considering the only self-selection constraint which is binding at an
optimum.
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158ee footnote 10.
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Ouy Oc 1 ol oul de
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. . ) 1 oul oul
Denoting by II the quantity (1 + \) 8_1;5 — ﬁ% (a%,: + A%é%) —0(r—q)
we can state the following Proposition:
Proposition 9 When the government is mazximizing actual lifetime utili-

ties, Pareto efficient interest income taxation in the two income points sys-
tem requires that the following condition holds:

06, du, ds
Ha—q = S (1 + )\) acy Os SHdBy |By=Bl + (56)

TR AT e B R L
plem—s 1+pdch 14 pdd ps dey  Ocy )

Proof. See Appendix. m

The term II appearing in (56) measures the effect on the Lagrangian of
the government’s problem coming from a marginal reallocation of consump-
tion of agents across periods, and in particular from a marginal reduction in
the level of savings of young agents. When the objective function of the gov-
ernment entailed maximization of expected utility, we could use the envelope
theorem to conclude that this effect reduced to the budget term —6 (r — q).
This is no longer the case when the government, engaged in Pareto efficient
taxation, aims at maximizing the actual lifetime utility of a given group of
agents. In this setting, the discrepancy between what government maxi-
mizes in selecting the fiscal variables and what young agents maximize in
taking their decisions implies that we cannot invoke the envelope theorem to
reduce the total effect to a pure budget effect. Instead, this is also made up

by the welfare terms g—qé;‘ — %ggqi’ + A% — A%gﬁg . Apart from this, eq.
(56) resembles closely the corresponding one for the expected utility cases,
eq. (30), to which it actually reduces when substituting —6 (r — ¢) for II
and taking into account that A = 0 in the expected utility case (since we do
not have a “minimum utility level” constraint).

The distortions imposed on high skilled agents are described in Propo-

sition 10.

Proposition 10 When the government is mazximizing actual lifetime utili-
ties, Pareto efficient taxation in the two income points system implies that
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the marginal (labor) income tax rate and the METR faced by old high skilled
agents are respectively:

II dc dc
o Yy Y o(h)
Orth (r—q)
i = (1 + ) Tyt (58)

Proof. See Appendix. m

Even in this case substituting —6 (r — ¢) for II is sufficient to recover
the corresponding equations for the expected utility case, eq. (31) and (35).
Since the basic mechanisms at work in the two cases are the same, with the
only complication brought about by the limited possibility to exploit the
envelope theorem, considerations close to the ones exposed in the comment
of (31) and (35) can be provided here.

Now consider the point along the income tax schedule where young
agents and old low skilled ones are pooled. As in the expected utility case we
will provide in the following Proposition a result for the implementing tax
structure which holds for the case when savings of young agents are nega-
tive. The same argument put forward in that case applies here to derive the
corresponding result for the case when savings of young agents are positive.

Proposition 11 When the government is mazximizing actual lifetime utili-
ties and savings of young agents are negative, the optimal allocation in the
two income points system can be implemented through a labor income tax
schedule whose left-hand- and right-hand derivatives at the common point in
the (I, B)-space for young workers and old low skilled workers are respec-
tively given by:

Lh Fo
/ N M 1 Ou y —
Toern (1) = GT5m T+ p0d (MRS}, — MRS1.) +

u ~ —

oo 1 oOu Y =

pom 29U MRSY — MRS;.
+91—|—7T”1—|—pacf)< RST. RSI,>+
L Ouy

0 (1+ 7l) de,

L+ prt 1 3ulo o(l) y
0(1+7)1+4pad <MRSI’C a MRSLC) +
—_———

G

II Jcy Jcy v |
o1+l {aﬂ a ( a aBl) MRSLC} ’ (59)

(MRSY, - MRSE..) +
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Proof. See Appendix. m

Notice again that, substituting —6 (r — ¢) for IT in (60), and taking into
account that A = 0 in the expected utility case, allows us to recover expres-
sion (39). This is instead not sufficient in order to obtain (38) from (59). The
formal reason is that at the numerator of term labelled G in (59) we have
1+pu7' whereas in the corresponding term of (38) it is (1 + ) 7! = 7!+ pnl.
Intuitively, this happens because in the actual lifetime utility case the objec-
tive function of the government assigns unitary weight to the utility of old
low skilled agents, whereas in the expected utility case the corresponding
weight is 7!,

Looking at the METRs, the following result holds:

Proposition 12 When the government is mazximizing actual lifetime utili-
ties, Pareto efficient taxation in the two income points system implies that
the METRs faced by young agents and old low skilled ones are respectively:

1 ou —
o= %mma—d) (MRSY, - MES;.) +
woowh 1 ou
o1 A 1+ pad,
po Ouy
0 (1+ ") dc,
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_(r—4 1T Ocy _(_ 9y y |
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+ (MRS, — MRST.) +

(MRS} - MRSY,) +
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Proof. See Appendix. m
Once again, substituting —6 (r — ¢) for II (and A = 0) in (62) we are
back to the corresponding expression for the expected utility case, eq. (41).
Performing this substitutions is not sufficient to recover (40) from (61) since

at the numerator of term labelled H in (61) we have 1+ ur!" whereas in the
corresponding term of (40) it was (1 + u) 7'l.

4.4 Case 2: The Actual Lifetime Utility Case with a “Three
Points” System

When the government is free to make the nonlinear income tax schedule
dependent on the observable characteristic “age”, its problem becomes the
following:

L 1h l h Lh
max U (c (I L' 1" B, B, B g ) 1 ) +
I,,IL 1" B, Bl Bh q v Ter e Y oy o Y

orto>

1
e (B - @) 1+ + B 1)
subject to
U (Cy (valtl)7]3>ByaBé>B27Q77Tlh> 7Iy> +
e (B e @) (g + BL L) 2V, )
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We have already noticed that switching from the two points system to
the three points system the first order conditions referred to the pre-tax
labor income and after-tax labor income for old high skilled and to the net
rate of return on savings do not change formally. As regards the first order
conditions of the government’s problem with respect to the pre-tax labor
income and after-tax labor income for young agents and old low skilled
agents, they are respectively given by:
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Proposition 13 When the government is mazrimizing actual lifetime util-
ities, Pareto efficient interest income tazxation in the three income points
system requires that the following condition holds:

a6, hoou Al ou .
- a—q—“<1+pa—cg+1+pa—cg (5= 57). (67)

Proof. See Appendix. m

Eq. (67) closely parallels eq. (46). The only difference refers to the
term by which %—cqy is multiplied on the left-hand side. In the expected
utility case the fundamental trade-off to be faced in considering the optimal
interest income tax rate is that between the desire to discourage mimicking
and the effects on tax revenue. The screening virtues of interest income
taxation can be exploited to implement a compensated marginal change in
g that makes the mimicker worse off. Since the reform is accomplished in
a compensated way, the expected utility of non mimickers is not affected.
Thus, when the government’s objective function entails maximization of
expected utility, the only side (cost) effect of such a reform is represented by a
budget effect coming from the adjustments in the hicksian demands. Things
are instead different when the government aims at maximizing the actual
lifetime utility for those who remain low skilled during the entire life. In that
case the discrepancy between what the government wants to maximize and
what agents actually maximize in taking their consumption/savings decision
implies that the adjustments in the hicksian demands are not welfare neutral
from the government’s perspective. This is the reason why, on the left-hand
side of (67), —II, a quantity which is made up also by welfare terms, replaces
0(r—q).

Turning to the old high skilled agents, we have that the formal expres-
sions for the marginal (labor) income tax rate and METR do not change
switching from the two income points system to the three income points sys-
tem. However, as already observed for the expected utility case, this does
not mean that when we move from a system to the other the value of those
tax rates are unaffected. This is obvious if we think that the optimal wedges
between gross- and net rate of return to savings required by conditions (56)
and (67) are different.
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As regards the young agents and the old low skilled ones, Propositions
14 and 15 provide the relevant results.

Proposition 14 When the government is mazimizing actual lifetime utili-
ties, Pareto efficient taxation in the three income points system implies that
the marginal (labor) income tax rate T, and the METR 7, faced by young
agents are respectively:

' ,u@uy Yy o mY _ dey _ 8cy y | .
7= G0 (MRS}, - MRST.) - 5 {_81 < 55 ) MRSL. | (63)
0r— rr—gq ou,
r v / Yty y m\ _
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B H@uy y m
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CHOA+r)+0(r—q) [0y (O y
0(1+r) oI, ! OB, MRSc| - (69)

Proof. See Appendix. m

Proposition 15 When the government is mazximizing actual lifetime utili-
ties, Pareto efficient tazation in the three income points system implies that
the marginal (labor) income tax rate T(;l and the METR Tf,l faced by old low
skilled agents are respectively:

1 |« ou D s o ——
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Proof. See Appendix. m

Notice that it would be sufficient to substitute —6 (r — ¢) for II in (68),
(69), (70) and (71) in order to recover the corresponding equations derived
for the expected utility case.
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5 A Comparison between the Models with and
without Savings

In this Section we would like to call attention to a qualitative difference
underlying the switch from a two- to a three income points system in a
model without savings and in a model with savings. In a model without
savings, ranking people according to the slopes of the indifference curves
in the (I,B)-space, the policy maker actually faces two different groups of
agents: the low skilled and the high skilled.'6-'7 This is because within the
low skilled group, at any given point in the (I,B)-space, the indifference
curve for a young agent has the same slope as the one for an old agent.
With two different groups in the population the two income points system
would in this case perform as well as it does the second-best Pareto efficient
allocation of the atemporal Stiglitz (1982) model. In the no-savings case
the possibility to observe age and implement a three income points systems
allows to achieve a Pareto-improvement as it would have happened in the
atemporal model if we had found an exogenous way to identify some of the
low skilled agents and be sure that nobody could try to mimic them.®
Things are instead qualitatively different when we analyze the case with
savings. The reason is that, in spite of the assumption of age-independent
preferences, when we allow for the possibility to save, it is no longer true
that, at any given point in the (I,B)-space, the indifference curves of a young
and of an old low skilled agent are equally sloped. Instead, depending on
the sign of s, if young agents are borrowers or savers, it is possible to predict
which ones will be flatter and which ones steeper. But this in turn means
that in this case the policy maker is actually facing three different groups of
people and that it should really try to offer three different bundles. Now the
natural counterpart of the atemporal Stiglitz model would be the three in-
come points system where age is not observable but the government exploits
the information on the correlation between skill and age in order to select
three different points in the (I,B)-space. Contrary to what happened in the
case without savings, the impossibility to observe age does not prevent the
policy maker doing better by offering three different points than by pooling
young and old low skilled agents at the same allocation. In fact, suppose
that the government has, as it is in our model, the information on the joint
distribution of skill and age but it does not use it to try to implement a three

'6We have already observed that under reasonable assumptions about the magnitude
of the parameters involved, young agents in our model would like to borrow money. The
model without savings can therefore be interpreted as an extreme version of a model
involving liquidity constraints.

"Notice that this happens because we have assumed preferences that are age-
independent.

8Here the term “exogenous” is used to refer to a case where there is no need of self-
selection devices in order to induce people to reveal their true type.
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income points system. When age is not observable this does not entail any
loss if there are no savings; however, if we introduce savings in the model,
the same attitude would imply that the policy maker is actually not opti-
mizing the use of the information at its disposal, and designing a two income
points system would amount at inefficiently constraining the set of feasible
taxes it can impose. Therefore, switching from a two income points system
to the three income points that we have analyzed in this paper (where age
is observable) entails in the case with savings a double gain.

6 Concluding Remarks

The usual atemporal optimal income taxation model has been thoroughly
explored. In this paper we make several important extensions of that model.
We believe it is an important characteristic of real economies that individ-
uals’ income paths widen with age. Some individuals stay low skill all their
life, whereas others are low skill when young but high skill when old. This
means that some individuals are low skill part of their life and high skill
another part of life. This should have implications for how the tax system is
constructed. In this paper we study if it is possible to achieve redistribution
in a more efficient way by making the income tax schedule dependent on
age.

To pursue our analysis we use a simple OLG model where everybody
lives for two periods. In the first period everyone is low skilled and ez ante
equal. As individuals age and move into the second period of their lives, a
proportion 7" of the population becomes high skilled whereas the rest stays
low skilled. Individuals maximize expected lifetime utility. The objective
of the policy maker (which can only use annual income as tax base) is to
maximize actual lifetime utility for those who remain low skilled during the
entire life subject to a minimum level of actual lifetime utility for those
who become high skilled in the second period. Thus, there is a discrepancy
between the maximand of the policy maker and that of an individual. We
study two versions of the model. In the simplest we assume that individuals
cannot save. Given this set-up we find that if a two points income tax system
is used, the usual result with high skilled being undistorted and low skilled,
both young and old, distorted, facing a positive marginal income tax rate,
is recovered. We show how a strict Pareto improvement can be obtained if
an age dependent three points income tax system is used. Since the young
low skilled cannot be mimicked, the Pareto improvement is accomplished by
offering them a point where they obtain the same utility as before, but where
their consumption/leisure choice is undistorted. This implies that resources
are released so that old low skilled people can be located at a point where
they obtain a higher utility than in the two points income tax system. In
terms of lifetime utilities the expected lifetime utility of individuals has gone
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up. The actual lifetime utility of people being low skilled in both periods
has increased whereas the lifetime utility of those who are high skilled in the
second period is unchanged. The changes in consumption and work are as
follows: the old high skilled would perform as before; the young low skilled
would work more and consume more; finally, the old low skilled would work
less and also have less consumption.

In the second version of the model we assume the economy has access
to the international capital market, implying that individuals can freely
save or dissave at the prevailing rate r. In this case, it turns out to be
convenient to look, as intermediate step, at the case when the government
maximizes the expected utility of agents. The corresponding formulas for
the actual lifetime utility case can then be easily derived (and similarly
interpreted) but are analytically more complex due to the limited possibility
to use the envelope theorem when the maximand of the policy maker and
of an individual differ. In the paper we have characterized both the age
independent and the age dependent income tax systems. Since we consider
the age dependent income tax system more interesting and since it also gives
rise to simpler tax formulas we focus in this summary on the age dependent
tax.

There should be a tax/subsidy on savings. This tax serves the purpose
of deterring mimicking. We regard it as plausible that the mimicker would
save more than a “fair” agent, implying that there should actually be a tax
on interest income. (In the age independent tax system there are also other
aspects that affect how the interest tax should be set.) In contrast to the
case without savings, if individuals have access to the international capital
market, the marginal income tax faced by high skill individuals should be
non-zero. The reason being that a distortion of their labor supply have
budget effects because of the tax on interest income. In contrast also to
results in atemporal models, the effective marginal tax should be non-zero.
This is because of an effect that only arises in an intertemporal model with
savings. Changing the bundle offered to old high skilled agents does not only
affect the total amount of taxes paid by this sub-set of the population but,
through the savings function, it also affects the amount of interest income
taxes collected from the old low skilled individuals.

The result that young people should be undistorted is also modified
when savings is a possibility. The reasons are not the same, but similar
to the reasons why old high skilled should be distorted. Finally, old low
skilled should be distorted. There are several reasons for this. First, there
is the reason that “classical” mimicking should be deterred. An old high
skill person should not prefer the income/tax point intended for an old low
skill. Second, in the expression for the effective marginal tax for old low skill
individuals there are also terms due to deterrence of mimicking in terms of
savings behavior. Third, there is a budget term which is the counterpart
of the budget term appearing in the formula for the effective marginal tax
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rate faced by the high skilled agents: altering the bundle offered to old low
skilled agents does not only affect the total amount of taxes paid by this
sub-set of the population but it also affects the amount of interest income
taxes collected from the high skilled individuals.

We have characterized an optimal age dependent tax both under the
assumption that individuals cannot save and allowing for the possibility to
save. What is the most policy relevant case? This is in the end an empirical
question. However, given that the expected income in the second period
is higher than the income when young, individuals would probably like to
borrow when young and pay back when old. In such a situation individuals
would be unable to borrow when young. Hence, the case where individuals
cannot save might be the most relevant one.

The model we have studied in this paper is quite abstract, as are many
optimal tax models, and the results obtained cannot be directly applied in
the design of tax systems. However, we have shown that there is scope for
using age-dependent taxes to increase the efficiency of redistributive fiscal
policies. To obtain more detailed insights in how these tax systems should
be designed we believe simulation studies, like those originally performed
by Mirrlees (1971) in his atemporal model, would be useful. Further, an
important issue left unexplored in this paper is how educational incentives
would be affected by an age dependent income tax. (Kremer (2002) contains
an informal discussion of this topic.)

There may be further arguments than that developed here for using
an age dependent income tax. For example, preferences for leisure might
vary with age, which implies that even if there were no correlation between
average skill level and age, there might still be gains from an age dependent
tax.

41



7 Appendix

7.1 Fig. 2-5.

Fig. 2

Suppose that C is the bundle for young agents, A the one for old high
skilled and D that for old low skilled: this solution is not implementable
since the old high skilled would like to mimic the old low skilled and the
self-selection constraint is violated.

Fig. 3
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Suppose that C is the bundle for young agents, A the one for old high
skilled and D that for old low skilled: this solution is not optimal since
moving the old low skilled from point D to point C' increases the revenue
collected by the government without violating any self-selection constraints.

Fig. 4

Suppose that C is the bundle for young agents, A the one for old high
skilled and D that for old low skilled: this solution is not optimal since
moving the young from point C' to point D increases the revenue collected by
the government and slackens the binding self-selection constraint preventing
old high skilled to mimic young agents.
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Suppose that C is the bundle for young agents, A the one for old high
skilled and D that for old low skilled: this solution is not implementable
since the old high skilled would like to mimic the old low skilled and the
self-selection constraint is violated as it happened in fig. 2.

7.2 Proof of Proposition 1
Rearranging f.o.c. (26) and (28), we have:

8 . oy 0 i
H(T‘—Q)a_;yl: (r—q)—0(1+x" )+acJ+1+pazl _“<8Z3+1+Pgﬁ>
v 95 ou al oul
K <17er3_¢72 - 803 1+p del, ) (72)
+

= (1+p) 5 (73)

G(T—q) ZL: —Or!

Taking into account that in the two income points system B! = B, = B!
, 06 dey

. .- 5] 0
and using the Slutsky-type decomposition 6—2 =35+ s( Sy aB,’;) we

can rewrite f.o.c. (29) as

dul, | xlh dul 9¢, Oc P
(Ta + 155 )5—9 s+(r—q) | FL+s 8—32\35234-6—;;%

Och
—_——
L
u g h § ou h guh

“Sm<1+p8czf +1+p8c1f)_'u’8 (T#+ +pﬁ>' (74)

Summing up (72) and (73), and multiplying all terms by s, we can obtain
the following expression for s (r — q) (acy + g ;%1):

Ocy dcy \ _ mtl lh
G(T_Q) <aBl + 8Bh> - HS(T_Q) —0s (1+7T ) + 35 1+p acl

h ou U ou th 9u ou 7l oul ou
il o y U m Ou Oy Guy
e (1 + 'u) Ocl Hs (80y + 15 T+p dcl ) HS (1+p Bck ey 1+p 8cl +s Ocy *

Ocy 0\ 0 0\ .
Since 574 = 52 = a—g’i |B,=5! +35r |BL_p1, We can derive from (75) an

expression for 6 (r — q) s (% |BL—B! —l—%) that can be substituted for the
corresponding term in (74). Simplifying and collecting terms gives eq. (30).

7.3 Proof of Proposition 4
Write the f.o.c. (25) and (26) as:

duy _ U_(p_q)Ou] _ o 0wy (Ouy y =l Ou oy
art =0 [1 +nt = (r=a)gt| ~ et —#\art i ar) TRar
= 9a h 9\ .

H (1+pﬁ + 1+pﬁ) ) (76)
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duy u_ (. dcy \| _ alt 9ul, duy | ' ou

dey 0 [1 +7 (r—q) (1 8Bl)} 1+p acf TH dey + 1 T+p dck +
P on Auy rl Aul

u(ma—cg—a—cy—mad‘,’ : (77)

Dividing (76) by (77) and multiplying the result by the expression on
the r.h.s. of (77) gives:

a_uAy il 8_5 h o _ n_ ey - il oul

1 (aﬂ T iper T 1 aﬂ) = {1 +al —(r —q) 5| + I 5 i eI
Buy 8u P duy i oyl P ”

arl i _ _ Ocy \_ prl | mt Ou, Uy 94

duy 4 (1 +m ) auy B0 (7“ q) ( 8Bl) Quy [1+p 8clo K <8cy + 15 T+p dcl +
Ocy Odcy Odcy

BUy
rya rlh Bu_%_ ol 3% %
%“(Hp o, ~ B, ~ 1pad ) THaI (78)

cy

From (78) it is possible to collect terms in order to get an expression for
0 (1+1) (1+ 5 /50 ):

lh Bu el Bu

0 (1+a") (1+ 2 /5) = Z2b (MRSY, — MRSy )+ MRS},
ll (')'u.
B9 NTRS o o (MRSY, — MRSP, )+ =24 (MRS} - MRSY, )+
00 —q) |5 - (1- de> MRSY,|. (79)

The assumption of normality of all goods in the economy implies that,
when savings of young agents are negative, the young agents have indiffer-
ence curves in the (I,B)-space which are steeper than the ones for old low
skilled agents. We also know that at a bunching point there exists an im-
plementing tax structure whose left-hand derivative is equal to 1 — M RS of
those agents with the highest level of M RS among those who are pooled;
since in this particular case the young agents are those with the highest
value of the marginal rate of substitution, this means that it will exist an
implementing tax structure at the bunching point I’ whose left-hand deriva-
tive is equal to 1 + aﬂ . Eq. (38) is then obtained from (79) dividing
both sides by 6 (1 + 77”).

For the second part of Proposition 4, write the f.o.c. (25) and (26) as

ol oul o\ 9y Quy Auy ol oul duy

Trpart — 0 [1 +all = (r—q) aﬂ] I (aﬂ + ot ) THart
xl ou ., xh o).

H <m o 115 aﬂ) ) (80)
ol oul, u Ocy 8uy Buy alt a_
15 e, —9[1+77 —(r—a) (1 - 55 + 1 Ge + T550d
it on _ Quy _ 'l duy .

H <1+p dck — ey  14pod, ) (81)
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Dividing (80) by (81) and multiplying the result by the expression on
the r.h.s. of (81) gives:

Ouy mt oth 9 Ouy ) _ i _ Ocy
z (8Il + 5o s 5 ol! aﬂ> =0 [1 +t = (r—q) gt +9611/acl

0 0 ouy, ll lh
all/acl { { (T_Q)< a;ylﬂ o +“( oL T 1+pacl> +“<1+p685>}

L 0 o
Bt 1t /acz ot (82)

Collecting terms in (82) gives:

qlh 9u Bu -y Bu

0 (1+7") (1 + ot /acl ) == 1+i60 (MRSI(C) M/ESI,C> . 86" MRSI(C)

il Bu

o MRSI C+M8Uy (MRSO(Z) MRS?:”C> (1 + /L) Quy (MRSZIJ,C _ MRS?(Z))+

,C

0 (r q) [‘g‘;g - (1 SBZ) MRSIfC”} : (83)

Since we know that at a bunching point there exists an implementing tax
structure whose right-hand derivative is equal to 1 — M RS of those agents
with the lowest level of M RS among those who are pooled, which in our case
are the old low skilled agents, there will exist an implementing tax structure

whose right-hand derivative at the bunching point I is equal to 1 +2 5 I, / 80, .

Eq. (39) is then obtained from (83) dividing both sides by 6 (1 + '!).

7.4 Proof of Proposition 5
The METR faced by young agents is given by:

9 Ouy

’ r—q Oc iy

v = -G [1—1+T (1—8Bl)]. (84)
cy

Substituting in (84) the value for 1 + azﬁ / gz;‘ derived from (79) and
collecting terms gives eq. (40).
The METR faced by old low skilled agents is instead given by:

dul Hul
o] 8 O
Tol) :1+(T_Q)%_% [(r =) g —1] =1-(r —q) 5 + 20 -
Oci7 aco
wl
881? Ocy
@(r—q)( aBl)- (85)

Substituting in (85) the value for 1 +
collecting terms gives eq. (41).

all/ " derived from (83) and
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7.5 Proof of Proposition 6
Write f.o.c. (45) as

LQ‘)

dcy u " ul iy th g
G(T_Q)TB%__QW +1+pdcl+u< c)_u<1+p85+1+p65>'
(86)

Taking into account that in the three income points system term labelled

L in (74) reduces to 3 B, , we can use (86) and (73) to derive an expression for

0s (r —q) (g—;} + g—%) to be substituted in (74). Simplifying and collecting

terms gives eq. (46).

7.6 Proof of Proposition 7
Write f.o.c. (42) and (43) as

ool B sl ood] i

Dividing (87) by (88) and multiplying the result by the r.h.s. of (88)
gives:

fm Ouy _ duy\ _ g 14 (r—q) (1- 2 — (O Ouw
Duy dcy — Dey r—q dB, = K\31, ~ 71,

Eq. (47) is obtained from the equation above dividing both sides by 6
and then using the implicit deﬁnltlon of the marginal labor income tax rate
faced by young agents (T, =1 —|— g ) to collect terms.

In the three income points systern tgfle expression for the METR faced
by young agents becomes:

r—1 r—q Ocy % 1 r—=q (4 Ocy 89
w=l-ma e (- (- 9m) |- (89)

Q)

cy

Substituting in (89) the value of the marginal labor income tax rate
T, =1+ 61;9 & 8“7’ given by (47) and collecting terms provides eq. (48).
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7.7 Proof of Proposition 8
Write f.o.c. (44) and (45) as

alloul u_ (. 8_% il dul, g, xth 8u .
501, o [ﬂ (r=9 oI, ~Hirart a1t TH e o1} +i% a1t )’ (90)
0w _ gl (o w gh | o g

I4+pac, o [ﬂ +(r q) é A\ 175 3¢, R G 801 + 1+pdd )
(91)

Dividing (90) by (91) and multiplying the result by the r.h.s. of (91)
gives:

4

u
I

u

Q

o~

0 1 oyl i h 57
{9 [77” +(r—q) a;ﬂ —p (fer aﬁgf) Tu (11/1 ach T 1+pg_(:1fo>} =0+

Oey alt dul, all gu . =t oa
0(r—q) 5 — a1 T 1 <1+p ort T 1rpor ) -

|QQJ

Q
o~

Eq. (49) is obtained from the equation above dividing both sides by 6
and then using the implicit definition of the marginal labor income tax rate
faced by old low skilled agents (T = 1 + dIl / ) to collect terms.

In the three income points system the expressmn for the METR faced
by old low skilled agents becomes:

Bué

9 { 0\
= 1-(r—q) 2 2 (14 (r — ) 2] (92)
(r)cé

Substituting in (92) the value of the marginal labor income tax rate

Té() =1+ all /acl given by (49) and collecting terms provides eq. (50).

7.8 Proof of Proposition 9

Using the definition of II (II = (1 + \) & auy - (acl + /\&:h) —6(r—q))
and rearranging f.o.c. (52) and (54), we have
a oul 1 9 ot
= ‘Bl —BI= Wlpa—zé - ﬁz (acz +)\30h> — gz - |p,=p +M3Cy +
l h ou Ouy it oul 0(1 . 93
#1+pacz+ Tt — ot — Trpod ) HO (147" 7“+Q)’ (93)
dc lh A )9
apill =07 (“1+p + 1+p> azh : (94)

In the two income points system and using the Slutsky-type decomposi-
tion f.o.c. (55) can be written as
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¢, dey dey \1 1 ol dul
I |:(9_q +s (aBg |B1=p 9Bk =0s—11; acl + >‘8 k) STHST, 50
b 8u m [ =l 8_?7 7 g
1815 g + 1S (H—p o T 11p aclo) : (95)

Summing up (93) and (94), and multiplying the result by s allows to get
an expression for ITs <% |BL—p! +%> which can be substituted in (95).
Simplifying and collecting terms gives condition (56).
7.9 Proof of Proposition 10

F.o.c. (53) and (54) can be rewritten in a more compact way as

dc h A 0
SaT+orth = - (ufs + 13 ) 54, (96)

0 h _ A\ oul
S T—om't = — (Wl + 127 ) 3 (97)

Dividing (96) by (97) and multiplying by 8cy I — 67" we get

oult

h (0 %)
20 (2T — 0nh) = STIOnlh. (98)

—90
acg

Rearranging terms gives

auh Bug
Ih BIh o Ocy a1k Jc
ol | 14+ 25 | =T | o2 — 5o | (99)
Bso ch

Eq. (57) is obtained from eq. (99) using the definition of marginal
income tax rate given by (5).

To get eq. (58) multiply both sides of (99) by F%: this gives an ex-
oul oul

pression for (r — q) ggz Zih g;% =—(r—gq) (BBBS}} gi"g - 86_12 which,
800 E;z?

substituted in the definition of the METR (see (34)), gives the result.

7.10 Proof of Proposition 11
For eq. (59), write f.o.c. (51) and (52) as

o 1 81/, ou U oyl ou iy
—(L+N) g7t = Og+ i 5+ (a—g ™ T#) 1 (ﬁ + 1+pa}3>

th
MlﬁTp% + 0 (1 +7Tll) :
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Ouy dc 1 Ouy ou i g th oa
—(1+)\)—y*—ﬂ< aByl)JFHpacl _N<ac§+1+pa§> Pirpacd T

du i ul il
M<865+1+p6cl>_9(1+7r )-

Then proceed exactly as in the first part of the proof of Proposition 4
to get an expression for 1 + %ﬁ’ / ac , which, for the same reasons provided
there, gives again the value of the left-hand derivative at the bunching point
I' for one of the possible implementing tax structures.

For eq. (60), f.o.c. (51) and (52) should be rewritten as

ouy | il 0%
—H (aﬂ T mm) -

1 Oul _ p0cy Ouy Ouy it oul
~Trar = g +(L+A) g+l F + 1 115 ot

lh
T +0 (1)
and
1 oul Jdc ou ou u g lh 5a
“Tpad = U (1 aByZ>+(1+/\)a_cj_“ (acz + 1+pa§>_“17er8_cqé+

u, 10 9ol
M<8—C;+17era—clo>—0(1+7T )

Then, proceed as in the second part of the proof of Proposition 4 to derive
an expression for 1 + 2y 31 / . The same kind of remarks provided there can
be used here to show that there exists an implementing tax structure whose
right-hand derivative at the bunching point I' is equal to 1 + 2 5 Il / acl .

7.11 Proof of Proposition 12

The definitions of the METRs faced by young and old low skilled agents in

the two income points system are always those respectively given by (84)

and (85). Eq. (61) and (62) are obtained substituting in (84) and (85) the
0 e} . .

values for 1+ 8—%/—“’1 and 1+ 611 / respectlvely given by (59) and (60)

and then collecting terms.

7.12 Proof of Proposition 13
Take f.o.c. (66) and write it as

&H:,J(w_”a_ﬁ it fm) M( ' 8“)+97r”— - (100)

1
OBl 14p acl) + 1 T+p ocl 14+p Ocl 1+p

In the three income points system and using the Slutsky-type decompo-
sition f.o.c. (55) can be written as

9 0 0 1 =
H[_CEJF (%JFW%)} - 5{9_L<acl +)‘ach>}+“5m11pgg +

7 T+p
mzth du _ _Lz it dug
1sTIE, 5 — M5 \TFp o T 175 ach ) - (101)
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Summing up (100) and (94) and multiplying the result by s allows to

gg} + agzjl) which can be substituted in (101).

Simplifying and collecting terms gives condition (67).

get an expression for Ils (

7.13 Proof of Proposition 14
Write f.o.c. (63) and (64) as

Auy dc Oy, ou
— (2 G =T - (5 - 5 ) +0: (102)
o) o] Oy, 0
— (NS =1 (1—3—%>—9—/~L (ﬁ—%) (103)

Dividing (102) by (103) and multiplying the result by the r.h.s. of (103)
gives:

duy

o7 2y oy ouy oey (0 ouy

Ty {_H< 2B, ) —0—p <acy ~ oo )| = Uar —w\ar — a1 ) T0-
cy

Dividing both 51des by 6, we can collect terms in order to get an ex-
pression for 1 —|— / . By the implicit definition of the marginal labor
income tax rate faced by young agents (T’ =143 8_% / 8—%) this expression
will provide the value of T} given by (68).

The definition of the METR faced by the young agents in the three in-
come points system is always the one given by (89). Eq. (69) is obtained
substituting in (89) the value for 1 + d[ /6% given by (68) and then col-
lecting terms.

7.14 Proof of Proposition 15
Write f.o.c. (65) and (66) as

1 oul 8cy u_ il d_ﬁ rlh ou -y %
Troor — Ut +07° — 4 <1+p ot T Tiporr ) THiTs om0 (100)
_ 1 ou, Oy _pu_ (2 oa  xlh ou £l Qul

Ttpod, — HaB(l) on 2 1+p ek + 1 1+p ack +u 150 ) - (101)

Dividing (100) by (101) and multiplying the result by the r.h.s. of (101)
gives:

Bul
% Oy _p Ul _ Lau th alt duy ey gl
Dul, HaB}, 0" — T+p ocL +1+p6cl T\ ad Haﬂ +0m
(')ED

1l

U 54 th 9u s %
Iz <1+p ot T 101 ) T HTar
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Dividing both sides by €, we can collect terms in order to get an expres-
1 1
sion for 1+ 2% / %Q By the implicit definition of the marginal labor income

oIl
oul,

tax rate faced by old low skilled agents (T} = 1 + a7/ %) this expression
will provide the value of T/ given by (70).
The definition of the METR faced by the old low skilled agents in the

three income points system is always the one given by (88). Eq. (71) is

obtained substituting in (88) the value for 1 + % / % given by (70) and

then collecting terms.
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